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SOLUTIONS OP PROBLEMS. 

GEOMETRY. 

392. Proposed by V. M. SPUNAR, Chicago, 111. 

A tangent to a curve at any point P cuts the tangent and the normal at a fixed point O 
in the points M and N and the rectangle OMP'N is completed. Find the curve which is such 
that the triangle formed by the tangents at any three points P, Q, R, is equal to the triangle 
formed by the corresponding points, P', Q', B'. 

Solution by the Proposer. 

For the sake of simplicity assume the fixed point to be the origin and take 
the tangent and normal to the curve at that point as the co-ordinates of ref- 
erence. Let the three tangents to the curve be 

hx + a x y — a-bx = 0, (1) 

b 2 x + a 2 y — a 2 b 2 = 0, (2) 

b$x + a s y — a$b s = 0, (3) 

where (a*, bi) are the intercepts of the tangents on the axes. Then, for the double 
area of the triangle formed by the three tangent lines, we have 

2A _ [a^bsih — b 2 ) + a 2 asb 1 (b 2 — 63) + asaibijh — h)] 2 
~" (aih — a 2 &i)(ai& 3 — a s bi)(a 2 bs — a 3 b 2 ) 

Again, the double area of the triangle formed by the three points (01, 61), 
(a 2 , b 2 ), (o 3 , 63) is 2A' = &i(a 2 — a s ) + b 2 (a s — «i) + b s (ai — a 2 ). (5) 

To be more general, let 

A = mA'; (6) 

or 

[aia 2 bs{bi — b 2 ) + a 2 a s bi(b 2 — b s ) + chaJ^Qh — &1)] 2 
(0162 — a 2 bi)(aibs — asW){a 2 bs — a s b 2 ) 

= m[bi(a 2 — a s ) + b 2 (a s — a{) + 6 3 (01 — a 2 )]. (7) 

Let the first two tangents be constant and the third one variable with inter- 
cepts of the form 

as = x — y(dx/dy) and 63 = y — x(dy/dx) 
so that 

bs = — a 3 p, where p = dy/dx. 

Then, substituting a s and & 3 from the last expressions in equation (7) after 
some easy reductions, we get 

p*Qx - tfiCW -Lx + Py+N)- p 2 (2(Pxy +Mx-Ly-S) 

- p(CY +My-Rx+P)-Ry = = <t>{x, y, p), (8) 
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where the following abbreviations are used: 

a = a\ai, b = bj>2, A = a 2 — ai, B = h% — b\, 

C = aib 2 — aibi, D = oi6 2 + «2&i, L = C[ADm + (m + 2)a£], 

Jf = C[BDm + (m + 2)bA], N = a(C 2 m + aB 2 ), P = 6(C 2 m + bA 2 ), 

Q = maAC, R = mbBC, 8 = {mC 2 D + 2abAB). 

If we look upon (8) as an algebraical equation in p = dyjdx which has 4 roots 
Ph P%, P%, P4y these being functions of x and y, then we are led to the conclusion 
that through any point in the plane there are four directions satisfying the con- 
dition proposed. We have, therefore, four curves in question. 

For the present purpose the equation (8) in p may be considered irreducible. 
Then, if a singular solution of this equation exists, it must simultaneously satisfy 
the equations 

dtp d<p d<p 

^ = ' dp = °> Tx + Vdy- =0 - 

The last equation is identically zero in the present case, and we have 

j- = ±p B Qx - 3p 2 (C 2 x 2 - Lx + Py + N) - 2p(2C 2 xy ( 9) 

+ Mx - Ly - S) - (CV + My- Rx + P) = 0. 

Equations (8) and (9), therefore, represent, in parametric form, the singular 
solution of the differential equation (8), which is, then, the algebraic curve in 
question. 

411. Proposed by C. N. SCHMAIX, New York City. 

ABCD is a rectangle of known sides. BC being produced indefinitely, it is required to draw 
a straight line from A cutting CD and BC in X and Y, respectively, so that the intercept XY 
may be equal to a given straight line. (Unsolved in Educational Times.) 

II. Solution by the Proposer. 

We shall assume that the given rectangle is a square, the problem thus being 
a special case of problem 382, proposed by R. C. Archibald in the May (1911) 
number of the Monthly. 

Construction: Along AB produced lay off AE equal to the given length. 
Draw ED. Prolong AD to K so that DK = DE. On AK as a diameter 
(centre 0) describe a semi-circle cutting BC produced in Y. Draw AY cutting 
DC in X. Then AXY is the line required; i. e., the intercept XY is of the given 
length. 

Proof: Draw YH perpendicular to AK. Draw XK and YK. Then the 
right triangles ADX and YHK are equal in all respects (congruent). For the 
angles DAX and H YK are equal, and DA = DC = HY. 



